We investigate the self-consistency and Lorentz covariance of the covariant light-front quark model (CLF QM) via the matrix elements and form factors (F = g, a ± and f ) of P → V transition. Two types of correspondence schemes between the manifest covariant Bethe-Salpeter approach and the light-front quark model are studied. We find that, for a − (q 2 ) and f (q 2 ), the CLF results obtained via λ = 0 and ± polarization states of vector meson within the traditional type-I correspondence scheme are inconsistent with each other; and moreover, the strict covariance of the matrix element is violated due to the nonvanishing spurious contributions associated with noncovariance. We further show that such two problems have the same origin and can be resolved simultaneously by employing the type-II correspondence scheme, which advocates an additional replacement M → M 0 relative to the traditional type-I scheme; meanwhile, the results of F(q 2 ) in the standard light-front quark model (SLF QM) are exactly the same as the valence contributions and equal to numerally the full results in the CLF QM, i.e., [F] 
Introduction
The form factor and decay constant are important physical quantities in understanding the internal structure of hadrons, and play crucial roles for predicting the observables of meson decays. It is well-known that they must be treated with a nonperturbative method. There are many different candidates for this purpose, such as Wirbel-Stech-Bauer model [1] , lattice calculations [2] , vector meson dominance model [3, 4] , perturbative QCD with some nonperturbative inputs [5, 6] , QCD sum rules [7, 8] and light-front quark models (LF QMs) [9] [10] [11] [12] [13] . The traditional LF QM, i.e., the so-called standard light-front quark model (SLF QM), proposed by Terentev and Berestetsky [9, 10] is a relativistic quark model based on the LF formalism [14] and LF quantization of QCD [15] . It provides a conceptually simple and phenomenologically feasible framework for the determination of form factor, decay constant and distribution amplitude et al., which are further applied to phenomenological researches . However, in the SLF QM, the Lorentz covariance of the matrix element is lost since it contains a spurious dependence on the orientation of the light-front (LF) defined in term of the light-like four-vector ω by ω · x = 0, and moreover the zero-mode contributions can not be determined.
In order to treat the complete Lorentz structure of a matrix element and evaluate the zero-mode contributions, many efforts have been made in the past years [11] [12] [13] [40] [41] [42] [43] . In Ref. [12] , Carbonell, Desplanques, Karmanov and Mathiot (CDKM) have developed a method based on the covariant LF framework to identify and separate the spurious contributions and to determine the ω-independent physical contributions, while the zero-mode contributions are not fully considered still. In Ref. [13] , a basically different technique is developed by Jaus to deal with the covariance and zero-mode problems with the help of a manifestly covariant BetheSaltpeter approach as a guide to the calculation. In the Jaus' prescription for the covariant light-front quark model (CLF QM), the zero-mode contributions can be well determined, and the result of the matrix element is expected to be covariant because the spurious contribution proportional ω can be eliminated by the inclusion of zero-mode contributions [13] . This CLF QM has been used extensively to study the weak and radiative decays, as well as the other features, of hadrons .
However, it has been noted that there still exist some problems about the self-consistency [72] [73] [74] and strict covariance [13, 74] in the CLF QM. In Ref. [72] , the authors have found that the This inconsistency problem exists not only in the vector system but also in the axial-vector (A) system [74] . Besides, the strict Lorentz covariance is another challenge to the CLF QM [13, 74] .
A known example is the matrix element, A µ V ≡ 0|q 2 γ µ q 1 |V [74] . Although the main ω dependences are associated with the C functions and can be eliminated by the zero-mode contributions [13] , there are still some residual ω dependences due to the nonvanishing spurious contributions associated with B
(2) 1 function, which violate the covariance of CLF result for A µ V [13, 74] . In order to resolve these problems, some efforts have been made. In the CLF QM, a manifestly covariant Bethe-Salpeter (BS) approach is used to guide the corresponding light-front calculation, but still using the same vertex functions and operators as employed in the SLF QM [13] . Taking the vector meson as an example, the correspondence scheme (type-I) [13, 72, 73] 
between the covariant BS model and the LF QM is used in the traditional CLF QM, where the factors D V,con = M + m 1 + m 2 and D V,LF = M 0 + m 1 + m 2 appear in the vertex operator.
Within this type-I correspondence scheme, the CLF result for f V suffers from above-mentioned self-consistency and covariance problems [72, 73] . It should be noted that a significant difference between the covariant BS approach and the LF QM is that the constituent quarks of a boundstate are allowed to be off mass-shell in the former, but are required be on their respective mass-shell in the latter. Therefore, a generalized correspondence scheme (type-II)
is suggested by Choi and Ji [73] . It is interesting that this new correspondence scheme provides a solution to the self-consistency problem of f V [73] .
In our previous work [74] , we have studied the self-consistency and the strict covariance simultaneously via the decay constants of pseudoscalar, vector and axial-vector mesons. It is found that [74] : (i) the problem of self-consistency exists not only in the vector system but also in the axial-vector system when the type-I correspondence scheme is used, but both of them can be resolved by employing the type-II scheme, which confirms Choi's findings [73] ; the replacement M → M 0 in the type-II scheme plays a crucial role in resolving these problems.
(ii) The violation of the manifest covariance of the CLF QM with type-I scheme is caused by the same reason as for the self-consistency problem, and the strict covariance can be recovered by taking the type-II correspondence. (iii) In addition, a clear relation between the SLF and CLF results are found
within the type-II scheme, where Q = f V,A ; the subscripts "full" and "val." denote the full result and the valence contribution in the CLF QM, respectively; and the symbol " . =" denote that the two quantities are equal to each other only numerically but not formally.
Besides decay constant, the form factor is another important quantity for testing the performance of the LF QMs. The P → V transition is also related to the spin-1 system, therefore it is worth to test whether the form factors of P → V transition have the problems of selfconsistency and covariance, as the case of f V,A mentioned above, in the CLF QM with type-I correspondence scheme, and whether the type-II scheme can give a solution to these problems still. Moreover, the form factors of P → V transition are related to not only B
1 but also B (3)  3 function, in which only the former contributes to f V,A . Therefore, the form factors of P → V transition may present much stricter test on the self-consistency and covariance of CLF QM, as well as above-mentioned findings obtained via f V,A . In addition, it is claimed in Ref. [13] that the form factor a P →V − (q 2 ) is impossible to be calculated in the SLF formalism, which need to be checked. In this paper, these issues will be studied in detail.
Our paper is organized as follows. In section 2, we would like to review briefly the SLF and the CLF QMs for convenience of discussion. In section 3, the SLF and CLF results, as well as the valence contributions, are presented; after that, the self-consistency and covariance of CLF results for the form factors of P → V transition are discussed in detail. Finally, our conclusions are made in section 4.
4
2 Brief review of light-front quark models
In this section, we would like review briefly the LF QMs for calculating the current matrix element defined as
which will be further used to extract the form factors. For the detailed theoretical frameworks of SLF and CLF QMs, one may refer to, for instance, Refs. [16, 17, 20] and Refs. [13, 72] , respectively.
The SLF quark model
In the framework of SLF QM, a meson bound-state consisting a quark q 1 and antiquarkq 2 with a total momentum p can be written as
where
is the momentum-space wavefunction (WF), and the one particle states are defined as
The momenta of q 1 andq 2 can be written in terms of the internal LF relative momentum variables (x, k ⊥ ) as
where,
In practice, for M (p ) → M (p ) transition, we shall take the convenient Drell-Yan-West frame, q + = 0, where q ≡ p − p = k 1 − k 1 is the momentum transfer. It implies that the form factors are known only for space-like momentum transfer, q 2 = −q 2 ⊥ 0, and the ones in the time-like region need an additional q 2 extrapolation. In addition, we also take a Lorentz frame where p ⊥ = 0 and p ⊥ = −q ⊥ amounts to k ⊥ = k ⊥ −xq ⊥ . Finally, equipping Eq. (4) with the formulae given above and making some simplification, we obtain
The CLF quark model
In the CLF QM, the matrix element B is obtained by calculating the Feynman diagrams shown in Fig. 1 . From this Feynman diagram and using the Feynman rules given in Refs. [13, 72] , the matrix element B(q 2 ) can be written as a manifest covariant form,
where 
where the vertex operators Γ M and Γ M are relevant to the types of mesons and have the forms [72] 
for P and V mesons, respectively.
Integrating out the minus components of the loop momentum, one goes from the covariant calculation to the LF one. By closing the contour in the upper complex k − 1 plane and assuming that H M ,M are analytic within the contour, the integration picks up a residue at k corresponding to put the spectator antiquark on the mass shell. Consequently, one has the following replacements [13, 72] 
and
where the LF forms of vertex function, h M , is given by
Eq. (23) gives the correspondence between the manifest covariant and LF approaches. As has been detailed in Ref. [13, 72] , the correspondence between χ and ψ in Eq. (23) can be clearly derived by matching the CLF expressions to the SLF ones for some zero-mode independent quantities, such as f P and f P →P + (q 2 ). However, the validity of the correspondence for the D factor appearing in the vertex operator,
has not yet been clarified explicitly [73] . Instead of the traditional type-I correspondence, a much more generalized replacement,
is suggested for the purpose of self-consistence of f A,V [73, 74] . Our following theoretical results are given within traditional type-I scheme unless otherwise specified. The ones within type-II scheme can be easily obtained by making an additional replacement M → M 0 . Finally, after integrating out k − 1 , the matrix element, Eq. (19), can be reduced as the LF form
It has been noted in Refs. [13, 72] that B receives additional spurious contributions proportional to the light-like vector ω µ = (0, 2, 0 ⊥ ), and these undesired spurious contributions are expected to be cancelled out by the zero-mode contributions. As demonstrated in Ref. [13] , the inclusion of the zero mode contribution in practice amounts to some proper replacements in theŜ B under integration. For the quantities studied in this paper, we need [13, 72] 
3 ,
where P = p + p , and the A and B functions are given by
1 .
It should be noted that most of the ω-dependent terms associated with the C functions have been eliminated by the inclusion of the zero-mode contributions [13] , and thus are not shown in above formulae. However, there are still some residual ω-dependences that are associated with the B functions, which can be clearly seen from Eq. (27) . As stated in Ref. [13] , the B functions play a special role since, on the one hand, it is combined with ω µ , on the other hand, there is no zero-mode contribution associated with B due to xN 2 = 0. Therefore, a different mechanism is required to neutralize the residual ω-dependence.
Using the formulae given above, one can obtain the full result of B, and further extract the form factors. For a given quantity, Q, its full result can be expressed as the sum of the valence and zero-mode contributions,
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In order to evaluate the effect of zero-mode, we also need to calculate Q val. and/or Q z.m. . In this paper, we employ the strategy introduced in Ref. [74] to calculate Q val. .
Results and discussions
The matrix element for the P → V transition can be represented in terms of the form factors as
These form factors are related to the commonly used Bauer-Stech-Wirbel (BSW) form factors
Theoretical results
Using the formulae given in the last section, we obtain the SLF results for the form factors written as
where, F = g, f and a ± , and the integrands are
The SLF results for g(q 2 ) and a + (q 2 ) have been given in the previous works, for instance,
Refs. [16, 17] , while the ones for f (q 2 ) and a − (q 2 ) are first obtained in this paper.
and [a + (q 2 )] SLF , the results in Ref. [17] are obtained by taking p ⊥ = 0 (i.e. the final state moves along the z axis), while the results given above and the ones in Ref. [16] are obtained in the p ⊥ = 0 reference frame (i.e. the initial state moves along the z axis). We find that these two sets of results are a little bit different in form, but such difference does not affect the final results after the internal variables are integrated out. In addition, it is claimed in the abstract of Ref. [13] that a − (q 2 ) is impossible to be calculated in the SLF QM, which will be discussed in the next subsection.
Using the framework of the CLF QM given in the last section, we obtain the full CLF results for the form factors,
1 + 2B
4 − A
2 )
4 − 3A
(1)
for the case of λ = 0 (i.e., [ F full ] λ=0 ); and the results for the case of λ = ± (i.e., [
can be obtained from these formulas by deleting the terms associated with B functions. The CLF results for F P →V are also given in Refs. [13, 72] , but the contributions associated with B functions are not considered. In Ref. [72] , the authors claim that the contributions of B functions to form factors vanish when taking λ = ±, which is also checked carefully in this work and found to be legitimate. However, we find that the contributions of B functions always exist for the λ = 0 state, which implies that f (q 2 ) and a − (q 2 ) possibly suffer from the problem of self-consistency like the case of f V found in Refs. [72] [73] [74] . In fact, we will show later that whether [F P →V ] λ=± receive the contributions of B functions is determined by the strategy employed to deal with the spurious ω dependent contributions.
Meanwhile, the corresponding valence contributions in the CLF approach can also been 
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Numerical results and discussions
Based on the theoretical results given above, we then present our numerical results and discussions. In the numerical analyses, we use the values of Gaussian parameter β obtained by fitting to the data of zero-mode independent f P [74] . In order to clearly show the self-consistency of
which is equal to zero for g(q 2 ) and a + (q 2 ) and related to B Tables 1, 2 • From Eqs. (39) and (40), it can be found that the CLF results for g(q 2 ) and a + (q 2 ) are independent of the B function contributions and the choice of λ, which implies that such two form factors do not have the self-consistency problem, i.e.,
From Eqs. (43) and (44), it can be found that they are also free from the zero-mode effect. Further comparing Eqs. (34) with (39) for g(q 2 ) and Eqs. (35) with (40) for a + (q 2 ), respectively, we can conclude that within both the type-I and the type-II scheme. The numerical examples for g(q 2 ) and a + (q 2 ) are given in Table 1 .
• The form factors f (q 2 ) and a − (q 2 ) are zero-mode dependent, which is different from the case of g(q 2 ) and a + (q 2 ); and moreover, their CLF results extracted via λ = 0 λ=± full ), which can be found from Eqs. (41) and (42) . From Figs. 2(a,c) and 3(a,c) , it can be clearly seen that the contributions of B Tables 2 and 3 (the fourth and fifth columns), from which one can further find that the effects of these contributions are very significant at some q 2 points.
Therefore, the CLF results in type-I scheme suffer from the self-consistency problems, full (x) = 0, which are clearly shown in Figs. 2(a,c) and 3(a,c) . As a result, we find that
which can also be easily found by comparing the numerical results given in the fourth and the fifth columns of Tables 2 and 3 . The Eq. (50) implies that the self-consistency problem can be resolved by employing the type-II correspondence scheme.
• Comparing Eqs. (36) with (45) and Eqs. (37) with (46), respectively, we do not find significant relations between the SLF results and the valence contributions in the CLF approach for f (q 2 ) and a − (q 2 ) within the type-I scheme. However, employing the type-II scheme and making some simplifications on these formulas, we find surprisingly that the SLF and valence results are exactly the same,
[f (qwhich can also been clearly seen from the numerical results given in Tables 2 and 3 . full , also suffer from such problem in the type-I scheme. Interestingly, this divergence problem does not exist in the type-II scheme, and their numerical results at q 2 = 0 satisfy the relations given by Eqs. (50), (51) and following Eq. (52).
• From Figs. 2(b,d) 
which can also be found from the numerical examples given in Tables 2 and 3 .
Combining the findings given above, we can finally conclude that
full [Eq. (50)] implies the self-consistency of the CLF QM and holds only in the type-II correspondence scheme; the symbol, "=", should be replaced by "=" for g(q 2 ) and a + (q 2 ).
Besides of the self-consistency problem, the CLF QM with traditional type-I correspondence scheme also has a problem of covariance, which will be discussed in the follows. A peculiar property of the LF matrix element is its dependence on the light-like four vector ω = (0, 2, 0 ⊥ ) [13, 71] , which can be explicitly revealed by the decomposition
where the "physical part" contains the physical contributions to the form factors, while the "ω-dependent part" is unphysical and may violate the covariance of matrix element if it is nonzero. In the CLF QM, most of the ω-dependent contributions are eliminated by the zeromode contributions, but there are still some residual ω-dependences which are associated with B functions and independent of zero-mode [13] . Therefore, a different mechanism is required to "neutralize" the effects of these residual ω-dependent contributions.
In order to clearly show the residual ω-dependence of matrix element of P → V transition, after integrating out the k − component and taking into account the zero-mode contributions, we can decompose the trace termŜ B in the integrand of Eq. (26) for
1 − 2B
where "..." denotes the physical contribution resulting in the CLF results for f (q 2 ) and a ± (q 2 )
without considering contributions related to B functions. For the first term in Eq. (55), in order to separate the potential physical contribution from the unphysical one, we shall use the
For the case of λ = 0, using Eq. (56), the pre-factor in Eq. (55) can be written as
For the case of λ = ±, instead of using Eq. (56), we can directly write the pre-factor in Eq. (55) as
due to * λ=± · ω = 0. Based on these formulae, we have following remarks:
• Comparing Eq. (57) with Eq. (58), it can be found that the first and the second term in Eq. (57) give additional contributions associated with B functions to [f (q 2 )]
full , respectively, which results in the self-consistency problems of CLF QM.
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The last terms in Eq. (57) and Eq. (58) are the residual ω-dependent parts, which give the contributions to the unphysical form factor and will violate the covariance if nonzero.
Therefore, we can conclude that the self-consistency and the covariance problems of CLF QM are in fact have the same origin.
• In the traditional type-I correspondence scheme, the residual ω-dependent parts in Eq. (57) and Eq. (58) are nonzero, therefore, the covariance of matrix element is violated. While, these unphysical ω-dependent parts vanish numerically in the type-II scheme because they are proportional to dx∆ f,a − full (x) = 0 (type-II). It implies that the covariance can be recovered by employing the type-II scheme.
• It should be noted that, for the λ = ± mode, the decomposition into physical and unphysical contributions is ambiguous. Instead of Eq. (58) used in this paper, one can also decompose
in the same way as
by using Eq. (56) . full , respectively, thus the self-consistency problem vanishes, which however is at the expense of introducing some unphysical form factors, for instance, the one corresponding to nonvanishing ε µαβν ω α q β P ν in Eq. (56) . Therefore, we can conclude that whether the selfconsistency appears is in fact determined by the way of decomposition for the contribution of B functions. This ambiguous decomposition become trivial only when the contributions of B functions are zero, which is impossible in the type-I corresponding scheme but can be achieved in the type-II scheme.
Therefore, we can conclude that the problems of self-consistency and covariance in the CLF QM can be resolved simultaneously by taking type-II correspondence scheme. Finally, using the values of input parameters summarized in the appendix and employing the type-II scheme, we present our updated numerical results of BSW form factors for some P → V transitions in Table   4 , where the two uncertainties are caused by parameters β and quark masses, respectively. Some form factors have also been evaluated by other approaches, for instance, Lattice QCD [77, 78] , light-cone sum rules [79] [80] [81] [82] and perturbative QCD [83] [84] [85] [86] [87] [88] [89] [90] . Through comparison of these previous results with ours listed in Table 4 , it is found that they are generally consistent with each other within theoretical uncertainties. 
Summary
In this paper, we have investigated the self-consistency and Lorentz covariance of the CLF QM via the matrix elements and relevant form factors of P → V transition, which providemuch stricter tests on the CLF QM and are much more complicated than the case of decay constants studied in the previous works [73, 74] . Two types of correspondence schemes between the manifest covariant BS approach and the LF QM are studied in detail. The main difference between these two schemes resides in whether the replacement M → M 0 is applied only in the vertex operator or in each term in the integrand. Meanwhile, the results in the SLF QM are also presented for comparison. Our main findings are summarized as follows:
• The form factors g(q 2 ) and a + (q 2 ) are independent of the spurious contributions associated λ=± full , within both type-I and -II correspondence schemes. Moreover, they are also free from the zero-mode contributions, therefore their valence contributions and full results in the CLF QM are the same. Besides, they are also equal to the SLF results.
These relations can be summarized by Eq. (53) in both type-I and -II schemes.
• In the CLF QM, the form factors a − (q 2 ) and f (q 2 ) receive the contributions related to B
1 and B
3 functions, and these contributions obtained via λ = 0 and ± states within the type-I scheme are different with each other, therefore, the CLF results for a − (q 2 ) and f (q 2 ) in the type-I scheme suffer from the problem of self-consistency. This problem can be resolved by employing the type-II correspondence because the contributions associated with B functions vanish numerically after taking M → M 0 .
• The form factors a − (q 2 ) and f (q 2 ) receive the zero-mode contributions. These con- (53) holds still for the form factos a − (q 2 ) and f (q 2 ) in the type-II scheme, but is violated in the type-I scheme.
• The manifest covariance of the CLF result for V |qγ µ γ 5 q|P is violated within the traditional type-I correspondence scheme, but remarkably, can be recovered by employing the type-II correspondence. We further show that the self-consistency and covariance problems of CLF QM have the same origin; in addition, whether the self-consistency problem exists is in fact determined by the way of decomposition for the contribution of B functions. This ambiguous decomposition become trivial in the type-II correspondence scheme.
Above findings confirm further the conclusion obtained via the decay constants of vector and axial-vector mesons in the previous works [73, 74] .
Appendix: Input parameters The constituent quark masses and Gaussian parameters β are essential inputs for calculating the form factors of P → V transition. For the former, their values have been suggested in many previous works, for instance, Refs. [68, 71, 72, 75] ; in addition, they can also be obtained from the variational principle [27, 28, 76] ; but the errors are not evaluated in these previous works.
In this work, we take [68] scheme given in Ref. [74] are used. These values are used in our updated predictions for the BSW form factors, whose momentum dependence can be parameterized and reproduced via the three parameter form
Our updated numerical results of F(0), a and b for some P → V transitions are summarized in Table 4 .
